EXPLICIT POINTS ON THE LEGENDRE CURVE 



DOUGLAS ULMER 

Abstract. Using explicit points and elementary arguments we exhibit non- 
isotrivial elliptic curves over function fields with Mordell-Weil groups of arbi- 
trarily large rank. 



1. Introduction 

There are now several constructions of elliptic curves (and higher-dimensional 
Jacobians) of large rank over ¥ p (t) or ¥ p (t). Most of these constructions rely 
on relatively sophisticated mathematics, such as the theory of algebraic surfaces, 
cohomology, and L-functions. See [UlmPCMi for an overview of some of these 
techniques. See also |Con09] where Conceigao gives an explicit construction of 
polynomial points on quadratic twists of constant supersingular elliptic curves over 
¥ p (t) and uses them to show that the rank is large. 

Our aim in this short note is to give an elementary and explicit construction of 
many independent points on non-isotrivial elliptic curves over ¥ p (t) (p > 2) with 
arbitrarily large rank. More precisely, we consider the Legendre curve 

(1.1) y 2 =x(x-l)(x-t) 

over ¥ p (t) and over extensions ¥ q (t 1 ^ d ). That one should expect this curve to 
have unbounded ranks in these towers follows from |Ulm071 4.7] and the Birch and 
Swinnerton-Dyer conjecture, but so far the Legendre curve does not seem to fall into 
the class of curves constructed in |Ber08j and studied in [UlmPPCTj . It came as 
something of a surprise to the author that one can nevertheless write down explicit 
points in the simplest way imaginable. 

This note came about as a result of conversations with Dick Gross at the 2009 
IAS /Park City Mathematics Institute. It is a pleasure to thank the organizers of the 
meeting for the opportunity to give a course, the audience for their attention and 
comments, and Gross for his interest and incisive questions. Thanks are also due to 
Chris Hall for thought-provoking data on L- functions and stimulating conversations 
on questions around this paper. 

2. Points 

Throughout the paper, p will be an odd prime number and E will be the elliptic 
curve 

(2.1) E: y 2 =x(x + l)(x + t) 
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over ¥ p (t) or one of its extensions. Over any extension with a primitive 4th root of 
unity £4, E is isomorphic to the Legendre curve via the change of coordinates 
(x,y) h4 (-x,QiV)- 

The j invariant of E is 

256(t 2 -t+l) 3 
^) = t2(i _ 1)2 

and the discriminant of the model (|2.1|l is 

A = 16< 2 (< - l) 2 . 

It is well-known, and we will reprove below, that over ¥ p (t), E has exactly four 
points: the point at infinity and the 2-torsion points (0,0), (—1,0), and (— t, 0). 

We will consider E over various extensions ¥ q (t 1 ^ d ) = ¥ q (u) of¥ p (t) with u d = t. 
The most important case will be when d has the form d = p* + 1 and the d-th roots 
of unity fi d lie in F*. (Note that if d = p f + 1, / > 1, then F p (/z d ) = F p2 /.) We 
write for the extension F p (/x,j ; u) of ¥ p (t) with u rf = £. We fix a primitive d-th 
root of unity in Kd and denote it £d- 

Over Kd with d of the form d = p* + 1, f > 0, E has the Weierstrass equation 

y 2 = x{x + l){x + u pf+1 ) 

and the obvious point P(u) — (u, u(u + 1)(p /+1 )/ 2 ). Since E is defined over ¥ p (t) C 
¥ p (fj,d, t), applying elements of Gal(-Kd/F p (/Zd, t)) = fid to P{u) we get a collection 
of points 

(2.2) = P(Qu) - (C>, C>(C> + 1)^ /+1 )/ 2 ) i e Z/dZ. 

We will see below by elementary means that these points are almost independent — 
they generate a subgroup of E(Kd) of rank d — 2 = p* — 1. Using somewhat more 
technology, we'll see in the following sections that they generate a subgroup of finite 
index, i.e., that the rank of E(Kd) is d — 2. 

3. Torsion 

We briefly detour to find all torsion points on E(¥ p (t 1 ^ d )) for all d prime to p. 

It is clear that E(¥ p (t))) has 3 points of order exactly 2. Let us label the points 
Qo = (0,0), Qi = (—1,0), and Q t = (— t, 0). It is also easy to see that E(K 2 ) has 
4 points of order 4, namely ±P and ±Pi in the notation of (|2.2p . We have 



2Po = Qo Po + Qo = -Po Po + Qi=A fl) + Qt = -i\. 
These turn out to be all the torsion points rational in the tower F p (i 1 / d ): 

3.1. Proposition. Let d be a positive integer not divisible by p. If d is odd, then 
E{¥ p (t^ d )) tor = (Z/2Z) x (Z/2Z). Ifd is even, then P(F p (^/ d ))t or = (Z/2Z) x 
(Z/4Z). 

Proof. We give a brief sketch of the proof. The prime-to-p part of the proposition 
also follows from the Birch and Swinnerton-Dyer formula and the height computa- 
tion below. 

We have already exhibited points showing that the torsion subgroup is at least 
as large as claimed. 

Since the j invariant of E is not a p-th power in ¥ p (t 1 / d ) for any d prime to p, 
E can have no p-torsion over these fields. 
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If d is odd, we will see below that E has reduction type at u — oo. Thus the 
prime-to-p torsion must be a subgroup of (Z/2Z) x (Z/2Z) and so is equal to this 
group. 

This argument does not work for d even, since the reduction at oo is of type 
lid- For d even or odd, we may argue as follows: If E{¥ p {t 1 / d )) had a point of 
order I for some I j( 2p, we would get a non-constant map from the u — i 1 / d -line 
to a modular curve of positive genus; this is clearly impossible. To rule out any 
additional 2-power torsion, one may use the duplication formula to see that the 
solutions R of 2R — Pq, 2R = Pi, and 2R — Q\ are defined over fields which are 
ramified over a finite non-zero place of FpO 1 / 2 ). Since lt! v (t 1 l d ) is unramified over 
F p (t 1 / 2 ) away from and oo, no such R is rational over F p (t 1 / d ). 

This completes the sketch of proof of the proposition. □ 

4. Heights 

The height pairing on E{Kd) is a symmetric bilinear form which is non-degenerate 
modulo torsion. It is closely related to the intersection pairing on the surface £ — > P 1 
associated to E. In this section we will use it to find the relations among the points 
Pi modulo torsion. 

4.1. The Neron model. Fix an integer d, let Kd — F p (fid, u), and consider E over 
Kd- In order to compute heights on E{Kd) we need a nice model for E over P 1 , 
specifically, a smooth proper surface £ over ¥ q = F p ([id) equipped with a relatively 
minimal morphism ir : £ — > P 1 whose generic fiber is E. 

The construction of n : £ — > P 1 is elementary and given in detail in [UlmPCMI 
so we will not repeat it here. We just note that the fiber of £ over u = is 
a configuration of type l2d and the fibers over the d points where u d = 1 arc 
configuration of type I-i- The fiber over oo is of type when d is odd and of type 
l2d when d is even. All other fibers of ir are smooth. 

From now on we assume that d has the form d = p* + 1. In particular, d is even. 

We label the components of the bad fibers at u = and oo by the elements 
of Z/2eZ such that the identity component is labeled with and the component 
meeting the identity component and corresponding to the branch of the reduction 
of E with tangent line y = x is labeled with 1. The other components are of course 
labeled cyclically; in particular, the component meeting the identity component 
and corresponding to the branch of the reduction of E with tangent line y — —x is 
labelled 2d - 1. 

4.2. Height pairing. The definition of the height pairing is discussed in detail in 
[UlmPCMI] . We quickly review the construction here. For a point P S E(Kd), we 
write [P] for the corresponding curve in £ , namely the image of the section P 1 — > £ 
whose generic fiber is P. For each P there is a unique Q-linear combination Dp 
of non-identity components of bad fibers of tt such that the divisor [P] — [0] + Dp 
is orthogonal to all components of fibers of it under the intersection pairing on £ . 
To compute Dp, one need only determine the component of the reduction through 
which [P] passes at each reducible fiber. The height pairing is then defined by 

(4.2.1) (P, Q) = -([P] - [0] + D P ) ■ ([Q] - [0]) = -([P] - [0]) • ([Q] - [0]) - D P • [Q]. 

Here the dot signifies the intersection pairing on £ . This pairing is known to be 
symmetric and positive definite modulo torsion (e.g., [CZ79, 1.15]). It makes E{Kd) 
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into a lattice in the real vector space E{Kd)®iM- (The Neron-Tate canonical height 
is logg times this height. We omit the logq for simplicity.) The "correction factor" 
Dp.[Q] is symmetric in P and Q and depends only on the components through 
which [P] and [Q] pass at each bad hber. A table of values is given in [CZ79, 1.19]. 

For any elliptic surface tt : £ — >• P 1 , the self intersection of any section is equal 
to —6 where 6 is the degree of the invertible sheaf uj = (PJir^Oe If £ is non- 
constant, we also have S — p g + 1 where p g = dim7J°(£ , f2 2 ) is the geometric genus 
off. 

4.3. Explicit heights. We apply the above to the elliptic surface £ — >• P 1 associ- 
ated to E over Kd- 

A simple calculation shows that [P»].[0] = for all i and that [-Pi].[-P/] = if 
i 7^ j in Z/dZ. The same calculation reveals which components the sections [Pi] 
pass through: at tt = 0, all sections [Pi] pass through the component labelled 1; at 
u = oo, passes through the component labelled d — 1 if i is even and through 
the component labelled d + 1 is i is odd; at the d points where u d — 1, [Pi] passes 
through the identity component except at u = — (T 1 where it passes through the 
non-identity component. 

For the elliptic surface associated to the curve E over Kd, we have 5 = d/2 = 
(pf + l)/2. 

Using the table of corrections appearing in [CZ79J and the calculations above we 
arrive at the following result. 

4.4. Theorem. Let p be an odd prime number and let E be the elliptic curve over 
K = ¥ p (t) defined by \2. Let d = pf + 1 for some f > and let Kd = K(/id, u) 
where u d = t. Then the height pairing ft4.2.1\ ) of the points Pi (i = 0, . . . , d— 1) on 
E given by K2. 2]) is 



( (d-l)(d-2) - f ■ _ . 
2d l J 1 — .1 

if ' i — j is even and ^ 
if i — j is odd 



We write Vd for the subgroup of E(Kd) generated by the Pi and E{Kd)tor- It 
is easy to see that the lattice Vd modulo torsion is isomorphic to the direct sum of 
two copies of a scaling of the lattice A* d j 2 _ 1 where A* n is the dual of the A n lattice, 
as in [CS991 4.6.6]. The points Pi are root vectors; perhaps this explains why it is 
so easy to write them down. 

4.5. Corollary. The rank of E(Kd) is at least d — 2. 

Note that when d = 2, the points Pj are independent of p and in fact lift to 
characteristic zero. The height calculation shows (again) that they are torsion. 

For a general d — pf +1, the group Vd is the direct sum of a torsion group of 
order 8 and a free group of rank d — 2. The determinant of the pairing (, ) on Vd 
modulo torsion is 

2 4 - d (d- l) d - 2 d- 2 . 



EXPLICIT POINTS ON THE LEGENDRE CURVE 



5 



4.6. Regulator and index. We will see below that the index [E(Kd) : Vd] is finite. 
Assuming this, we have that the regulator of E over Kd = V q (u) is 

R= [E { K d ):Vd? (1 ° Sg) ■ 
There is an integrality property of the regulator which affords some control on 
the index \E(Kd) : Vd] (assuming it is finite). More precisely, for each place v of 
K d , let d v be the discriminant of the intersection pairing on E restricted to the 
part of Neron-Severi generated by the non-identity components in the fiber over v. 
Then it follows from the definition of the height pairing and the integrality of the 
intersection pairing that the rational number 

R/{\ogq) d - 2 



\E{K d ) tor \ 



is an integer. (This is explained in detail in a more general context in ( in; 791 4.6 
and 5.5].) In our setting, the local factors d v at u = and u — oo are 2d, at the d 
places where u d = 1 they are 2, and elsewhere they are 1. It follows that 

pf(d-2)/2 



[E(K d ) : V d ] 

is an integer. In particular, the index is a power of p. 

5. The Tate-Shafarevich group 

We have seen that the curve E has multiplicative reduction at d + 2 places of 
Kd and good reduction elsewhere. It follows that its conductor has degree d + 2. 
By standard results on elliptic curves over function fields, the rank of E(Kd) is 
bounded above byrf + 2 — 4 = d — 2 and so the lower bound of Corollary 14.51 is in 
fact an equality. It also follows that the L function of E over Kd = ^q(u) has the 
form 

L(E/K d ,s) = (l-q 1 - s ) d - 2 . 

This follows from the fact that the rank upper bound is an equality; see [UlmPCMl] 
for more details on this and the rank bound. We could also deduce the L-function 
from |Ulm07[ 4.7] or from the Artin formalism and a root number calculation with- 
out knowing anything about points on E(Kd). 

Since the order of vanishing of the L-series is equal to the rank (i.e., the basic 
conjecture of Birch and Swinnerton-Dyer holds), the refined BSD conjecture holds 
as well and we get an interesting formula for the order of the Tate-Shafarevich 
group. 

Let ILL be the Tate-Shafarevich group of E over K d - The refined conjecture says 
that 

Here R is the regulator calculated in the last section and r is the Tamagawa number 



15 n< 



t = q 

where the product is over the places of Kd and c v is the order of the group of 
connected components in the Neron model at v. 
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Keeping in mind that K d = ¥ q (u) with ¥ q = ¥ p (p d ), we find a beautiful formula 
for the order of JiL : 

\K(E/K d )\ = [E{K d ) : V d } 2 . 

More generally, if F = ¥ q (u) with u d = t, d = pf + 1 and ¥ q an extension of 
F p (nd), we find that 

\M(E/F)\ = [E(F) : ^] 2 (<?/p 2/ ) (p/ - 1)/2 . 

Summarizing, we have 

5.1. Theorem. Let p be an odd prime number and let E be the elliptic curve over 
K = ¥ p (t) defined by V2~l\) . Let d = pf + 1 for some f > and let F = ¥ q (u) 
where u d — t and ¥ q is a finite extension of¥ p (/j ld ). Then the rank of E(F) is d— 2 
and the Tate-Shafarevich group of E over F is a finite p-group of order at most 
q{d-2)/2^ jj- s or( i er j s hounded below by (q/p 2 fy d ~ 2 ^ 2 . 

It looks like a very interesting problem to determine exactly the order of JIL and 
to construct homogeneous spaces representing its elements. 

6. Explicit points over ¥ p (u) 

Since we have explicit generators for a subgroup of finite index in E(K d ) and 
the action of Gal(K d /¥ p (u)) on these generators is evident, it is easy to calculate 
the rank of E over ¥ q (u) for any q. Explicitly, we find: 

6.1. Proposition. Let p be an odd prime number and let E be the elliptic curve 
over K = ¥ p (t) defined by H2.1)) . Let d = p^ + 1 for some f > and let F = ¥ q {u) 
where u d = t and ¥ q is a finite extension of¥ p . Then the rank of E(F) is 

V- He) 



where the sum is over divisors e of d greater than 2, (f> is Euler's function, and 
o q (e) is the order of q in (Z/eZ) x . 

Note that when q is a power of p 2 f , the rank is p^ — 1 and when q = p, the rank 
is of the order p' jlf . (See IPS06] for an interesting analysis of the "average" and 
"typical" values of the rank.) 

In particular, E has unbounded rank over the fields ¥ p (t 1 ^ d ) for any fixed odd p 
and varying d. It would be interesting to have explicit generators over these fields. 

As a step in this direction, we give explicit generators for a finite index subgroup 
of _E(F p (t 1 /( p+1 ')). This gives explicit high ranks for sufficiently large p. 

6.2. Proposition. Let p be an odd prime number and let E be the elliptic curve 
over K = ¥ p (t) defined by \2. Let d = p + 1 and let F = ¥ p (u) where u d = t. 
For each of the (p — l)/2 values of b G F p such that x 2 — bx + 1 is irreducible in 
¥ p [x], there is a point Rb £ E(F) of infinite order with x-coordinate 

2u p+1 + bu p + bu + 2- 2(u 2 + ub + l) d / 2 
b 2 -4 ' 

These points together with Pq — (u, u(u + l) d / 2 ) and P d /2 = ( — u i —u(—u + l) d / 2 ) 
generate a subgroup of rank (p — l)/2 in E(F). 
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(Note that the last term in the numerator is 2 (it 2 + ub + l) d / 2 and not 2(u 2 — 
ub + l) d / 2 .) We could omit Pq and have the same result. When p = 1 mod 4 we 
could omit both Pq and Pd/2- 

Proof. Let G F p 2 be the d-th root of unity fixed above and recall the points Pi 
defined by (|2.2[) . If the roots of x 2 — bx + 1 are £ l and ( pl = then the point 
Pi + P-i is defined over ¥ p (t). A relatively straightforward computation, which 
we omit, shows that its x-coordinate is the expression above. That it is of infinite 
order and that the Rb, Pq and Pd/2 generate a group of rank (p — l)/2 follows 
immediately from the height computation Theorem 14.41 □ 

It does not seem feasible to compute the trace Ylj=o ^ip 3 by hand when / > 1 
and so a new idea is needed to find explicit high ranks over ¥ p (u) for a fixed p. 

7. Connection with Berger's contruction 

It is not clear whether the Legendre curve arises via Berger's construction, as in 
[UlmDPCTl Section 4], but we can make an indirect connection with a conclusion 
which is just as useful. 

Let k be a field of characteristic ^ 2 and let E 1 over k(t') be the elliptic curve 
studied in Section 7 of (UlmDPCTj : 

E' : y 2 + xy + t'y = x 3 +t'x 2 . 

We identify the fields k(t) and k(t') by setting t' = i/16 and view E' as an elliptic 
curve over k(t). 

7.1. Lemma. The elliptic curve E' over k(t) is 2-isogenous to the Legendre curve i2.1\) . 

Proof. This follows from a simple computation. On E' , change coordinates y (->• 
y — (x + i/16)/2 to simplify the left hand side, x i-4 x — i/16 to clear the constant 
term on the right hand side, and (x,y) H ► (x/16, y/64) to clear denominators. The 
result has equation 

y 2 = x 3 + (4 - 2t)x 2 + t 2 x. 
Dividing by the 2-torsion point (0, 0) yields the curve 

y 2 = x 3 + (At - 8)x 2 - W(t - l)x = x(x - 4)(x + i(t - 1)). 
Finally, the change of coordinates (x, y) t-> [Ax + 4, 8y) yield the Legendre curve 

y 2 = x(x + l)(x + t). 

□ 

This lemma allows us to transfer strong results about E' over to E. 

7.2. Corollary. If k is a field of characteristic zero, then the rank of E(k(t 1/d )) 
is zero for all d. If k is a finite field of characteristic p =/= 2, then the Birch and 
Swinnerton-Dyer conjecture holds for E over k(t^ d ) for all d prime to p. 

Proof. The conclusions (rank zero or BSD) both "descend" under finite extensions 
of k, i.e., if they hold for E over k'(t 1 / d ) with k' a finite extension of k, then they 
hold over k(t x / d ). So for a fixed d we may assume that k contains a d-th root of 16. 
In this case, we may take fc^ 1 ^) and k(t a ' d ) = k((t/16)^ d ) to be the same field 
inside an algebraic closure of k(t). The lemma shows that E and E' are 2-isogenous 
over this field and we proved the claims of the lemma for E' in [UlmDPCT, Section 
7]. This shows that these claims also hold for E. □ 
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For k finite and d dividing p a + 1 for some a, we have calculated the rank of 
E(k(t 1 / d )) now in three different ways: via cohomology in |Ulm07j . using Berger's 
construction and endomorphisms of Jacobians in [UlmDPCT , and "by hand" in 
this paper. We hope to address the question of the rank for other values of d in a 
future work. 
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